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1. Introduction

Traditional angular approximate methods such as spherical har-
monics (PN) method and discrete ordinate (SN) method have been
utilized in the neutron transport calculation without fuel-coolant
homogenization. Recent study (Smith, 2001) indicated that those

traditional methods could not converge to the exact solutions
unless high-order angular approximations are adopted in a pin
cell calculation. Further study (Adams, 2001) found that the high-
energy angular flux distribution in an infinite lattice of fuel and
moderator is a bumpy and irregular function in the azimuthal direc-
tion by use of high-order SN method. Hundreds of azimuthal points
were needed to resolve the accurate solution. All these problems
present great challenges to existing angular discretization schemes
in heterogeneous neutron transport calculation. Additionally, high-
precision angular flux calculation is also becoming more and more
important in the nuclear applications. It is significantly and widely
required in the radiation shielding, the arrangement of nuclear
experiments and the nuclear medicine (Dang et al., 1999).

In recent decades, wavelet analysis theory has been well devel-
oped and widely applied in various fields. Daubechies (1992)
constructed a series of wavelet functions named Daubechies’
wavelet, which were proved (Dohon, 1993) to be unconditional
bases in Banach space. Preliminary studies have demonstrated
(Cho and Park, 1996; Cho and Cao, 2006) that wavelet analysis
theory could be well used in the neutron transport solution. Com-
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is introduced to discretize the angular variables of the neutron transport
gular flux varies very acutely with the angular directions. An improve-
-dimensional wavelet expansion and discrete ordinate method to make
etization efficient and stable. The angular domain is divided into several
cuum boundary condition exactly in the unstructured geometry. A set of
each other is obtained in each subdomain. An iterative method is utilized
nts. The numerical results of several benchmark problems demonstrate
thod can provide more accurate results by lower-order expansion than
thods.

© 2008 Elsevier B.V. All rights reserved.

pared with other wavelet basis (Carron, 1999; Buchan et al., 2005),
Daubechies’ wavelet basis owns obvious advantages due to the
localization property and the picky performance. It is more flex-
ible and effective in the high-precision approximation of complex
functions. This property presents the possibility of expanding the
angular variables of neutron transport equation into wavelet func-
tions.

In this paper, Daubechies’ wavelet basis is applied to expand
the angular variables of one- and two-dimensional neutron trans-

port equation. In order to increase the computational efficiency,
an effective improvement is made by treating the polar variable
and the azimuthal variable independently, i.e., the polar variable
is discretized by using traditional discrete ordinate method and
the azimuthal variable is expanded into wavelet functions. This is
mainly because that the angular flux does not suffer great change
in the polar direction in most two-dimensional problems. This
angular discretization scheme significantly decreases the scale
of coupled moments in two-dimensional problems. It makes the
wavelet expansion acceptable in high-order high-dimensional neu-
tron transport calculation. The wavelet equations are then deduced
in an angular subdomain scheme to use the vacuum boundary
condition easily in the unstructured geometry. An over relaxation
iterative scheme is utilized in decoupling the coupled wavelet
moments.

The remainder of this paper is organized as follows. In Section
2, the wavelet expansion is introduced briefly. In Section 3, the
wavelet equations in each angular subdomain are derived. In Sec-
tion 4, corresponding solver scheme is given. In Section 5, results
of several benchmark problems are discussed. Finally, in Section 6,
conclusions are used to close the paper.

http://www.sciencedirect.com/science/journal/00295493
mailto:caolz@mail.xjtu.edu.cn
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2. The preliminaries of wavelet expansion method

2.1. The definition and properties of Daubechies’ wavelet function

The Daubechies’ wavelet functions wj,k(x) are generated by a
dilation and translation operation such as

wj,k(x) = 2j/2w(2jx − k) j, k∈ Z,w ∈ L2(R) (1)

Z and R denote the set of integers and real numbers, respectively.
L2(R) denotes the space of measurable, square-integrable functions.

The corresponding scaling functions in multi-resolution analy-
sis (Daubechies, 1992) have the same forms:

ϕj,k(x) = 2j/2ϕ(2jx − k) j, k∈ Z,ϕ∈ L2(R) (2)

Two-scale relations exist between wavelet functions and scaling
functions as:

w(x) =
√

2
∑
k

(−1)k−1hN−k−1ϕ(2x − k) k = 0,N − 1 (3)

where N stands for Daubechies’ order and hN−k−1 are Daubechies’
coefficients.

The Daubechies’ wavelet functionwj,k(x) has the following prop-
erties:

support (wj,k(x)) = [2−jk,2−j(k + 2N − 1)] (4)∫
wj,k(x)dx = 0

∫
wn,k(x)wm,l(x)dx = ımnıkl (5)
Here j, n, m is called ‘dilation order’. Eq. (4) shows us the supporting
region is related to the dilation order and Daubechies’ order. Com-
pact supports vest the wavelet functions with localization property,
which is very powerful in angular discretization. Eq. (5) shows the
orthogonality of the wavelet functions. This property makes it pos-
sible to utilize wavelet function as the expansion basis in solving
neutron transport equation.

The construction of Daubechies’ scaling function ϕj,k(x) begins
with the coefficients hk by two-scale equation:

ϕ(x) =
√

2
2N−1∑
k=0

hkϕ(2x − k) (6)

From this equation, the values of Daubechies’ scaling function
at integers are calculated as an eigenvector. Values of the wavelet
functions at other points can be recursively obtained from the two-
scale relationship.

In order to simulate unknown functions, the Daubechies’
wavelet function is usually limited to a unit interval so that all
unknown functions are assumed to be defined only for the range

Fig. 1. (a–c) Decomposition and reconstruction of th
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[0,1). There are several methods to limit the wavelet function on
[0,1) in wavelet analysis theory, here we chose the wrapped wavelet
method (Newland, 1993). This method is an effective path of cyclic
continuation by use of discrete values from Eqs. (3) and (6).

2.2. The decomposition and reconstruction of wavelet expansion

In this paper, Daubechies’ wavelet is used in this form:

wm(t) = w(2j−1t − k) m = 2j−1 + k, j = 1,∞, k = 0,2j−1 − 1 (7)

and the wavelet expansion of a L2 function f(x) is written as:

f (x) = b0 +
∑
j

∑
k

b2j−1+kw(2j−1x − k)

0 ≤ x < 1, j = 1,∞, k = 0,2j−1 − 1 (8)

Fig. 1 illustrates the process that how wavelet works. Differing
from other polynomial function expansion methods, the wavelet
expansion consists of decomposition and reconstruction. Taking a
bumpy function defined in Eq. (9) for example, the wavelet expan-
sions of different expansion order divide the sample function into
four levels, which are included in different basis. The average value
is contained in the base level as shown in Fig. 1(a). Other levels
of wavelet components in different frequency contribute to the
exact distribution of the variable. They are illustrated in Fig. 1(b).

By adding the separated wavelet components together, the sample
function is reconstructed as shown in Fig. 1(c).

f (x) = sin(8�x) + 2 × sin(12�x) 0 ≤ x < 1 (9)

The principle of wavelet decomposition and reconstruction sup-
plies a very powerful instrument to exactly approximate the
angular variables in neutron transport equation. Compared with
traditional polynomial function expression methods such as PN
method, the wavelet expression method is efficient and high pre-
cision while the angular flux presents a complex distribution along
with the angular variables.

3. Wavelet expansion of neutron transport equation

The first-order multi-group neutron transport equation can be
written as

˝∇�g(r,˝) +˙t,g�g(r,˝) = Qf,g + Qs,g + Sg(r) (10)

where˝ denotes the unit direction vector and the angular variable,
r is the space variable.

e sample function from Daubechies’ wavelet.
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Fig. 2. Angle definition in Cartesian geometry.

Fig. 3. Division of angular domain in one-dimensional case.

3.1. One-dimensional wavelet expansion

In one-dimensional case, neutron transport equation can be
written as

�
∂�g
∂z

(z,�) +˙t,g�g(z,�) = Qf,g + Qs,g + Sg(z) (11)

The Cartesian geometry discussed here is shown in Fig. 2. �
denotes the polar cosine(cos �)as shown in Fig. 2. Only isotropic
scattering is considered. The fission source and the scattering
source can be presented as Eqs. (12) and (13), respectively. Only
isotropic scattering is considered in this study:
Qf,g = �g
2k

G∑
g′=1

∫ 1

−1

	˙f,g′�g′ (z,�′)d�′ (12)

Qs,g = 1
2

G∑
g′=1

∫ 1

−1

˙g
′−g
s �g′ (z,�′)d�′ (13)

As a function expansion method, the treatment of vacuum
boundary condition is also a puzzle in the wavelet expansion.
Here an angular subdomain scheme is introduced into the wavelet
expansion. By expanding the angular variable in each angular sub-
domain, the vacuum boundary condition can be solved directly. In
one-dimensional case, the angular subdomain is divided into two
regions spontaneously as in Fig. 3.

Then, the neutron transport equation can be written as follows:

�
∂�1
g (z,�)

∂z
+˙t,g�1

g (z,�) = Q1
f,g + Q1

s,g + S1
g (z) (14)

−�∂�
2
g (z,−�)

∂z
+˙t,g�2

g (z,−�) = Q2
f,g + Q2

s,g + S2
g (z) (15)
Design 238 (2008) 2292–2301

Fig. 4. Division of angular domain in two-dimensional case.

where �∈ [0,1). Expand the angular flux by use of wavelet basis
as

�g(z,�) =
∑
n

 g,n(z)wn(�) (16)

Substitute Eqs. (14) and (15) by Eq. (16), respectively, the wavelet
equations in each angular subdomain can be written as∑
n

[
�
∂ 1

g,n(z)wn(�)

∂z
+˙t,g 1

g,n(z)wn(�)

]
= Q1

f,g + Q1
s,g + S1

g (z)

(17)

∑
n

[
−�∂ 

2
g,n(z)wn(�)

∂z
+˙t,g 2

g,n(z)wn(�)

]
= Q2

f,g + Q2
s,g + S2

g (z)

(18)

Then, apply the Galerkin method to solve the above equations.
The weighting functions are also chosen to be the wavelet basis, i.e.,
wn(�). After multiplying an individual wavelet basis on both sides
and integrating in the angular subdomains, we obtain the follow-
ing equations by using the orthogonality property of Daubechies’
wavelet function:∑

Ann′
∂ 1

g,n(z)

∂z
+˙t,g 1

g,n′ (z) = Q1
f,g,n′ + Q1

s,g,n′ + S1
g,n′ (z) (19)
∑
n

− Ann′
∂ g,n(z)

∂z
+˙t,g 2

g,n′ (z) = Q2
f,g,n′ + Q2

s,g,n′ + S2
g,n′ (z) (20)

where n′ = 1 ∼ Pn and Ann′ =
∫ 1

0
�wn(�)wn′ (�)d�. Pn denotes the

total number of expansion coefficients of the polar variable.
 1
g,n and 2

g,n stand for the wavelet expansion coefficients in each
angular subdomain.

3.2. Two-dimensional wavelet expansion

The two-dimensional neutron transport equation can be written
as√

1 −�2 cosϕ
∂�g(x, y,�,ϕ)

∂x
+

√
1 −�2 sinϕ

∂�g(x, y,�,ϕ)
∂y

+˙t,g�g(x, y,�,ϕ) = Qf,g + Qs,g + Sg(x, y) (21)

� denotes the polar cosine and ϕ stands for the azimuthal vari-
able as shown in Fig. 2. Fig. 4 illustrates the division of angular
subdomain in two-dimensional case. Then, the neutron transport
equation can be written as follows:
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√
1 −�2 cos(−� + ϕ)

∂�1
g (x, y,�,−� + ϕ)

∂x

+
√

1 −�2 sin(−� + ϕ)
∂�1
g (x, y,�,−� + ϕ)

∂y

+˙t,g�1
g (x, y,�,−� + ϕ) = Q1

f,g + Q1
s,g + S1

g (x, y) (22)

√
1 −�2 cos(−ϕ)

∂�2
g (x, y,�,−ϕ)

∂x

+
√

1 −�2 sin(−ϕ)
∂�2
g (x, y,�,−ϕ)

∂y

+˙t,g�2
g (x, y,�,−ϕ) = Q2

f,g + Q2
s,g + S2

g (x, y) (23)

√
1 −�2 cosϕ

∂�3
g (x, y,�,ϕ)

∂x
+

√
1 −�2 sinϕ

∂�3
g (x, y,�,ϕ)

∂y

+˙t,g�3
g (x, y,�,ϕ) = Q3

f,g + Q3
s,g + S3

g (x, y) (24)

√
1 −�2 cos(� − ϕ)

∂�4
g (x, y,�,� − ϕ)

∂x

+
√

1 −�2 sin(� − ϕ)
∂�4
g (x, y,�,� − ϕ)

∂y

+˙t,g�4
g (x, y,�,� − ϕ) = Q4

f,g + Q4
s,g + S4

g (x, y) (25)

where �∈ [0,1) and ϕ∈ [0, �/2).
The wavelet expansion can be applied in a two-dimensional

function f(x, y) by tensor product construction in the same way
as one-dimensional case. It is shown in following equation:

f (x, y) =
∑
m

∑
n

cmnwmn(x, y) =
∑
m

∑
n

cmnwm(x)wn(y) (26)

Based on it, the wavelet expansion of angular flux in two-
dimensional case can be written as:
�g(x, y,�,ϕ) =
∑
m

∑
n

 g,mn(x, y)wm(�)wn(
), 
 = 2
�
ϕ (27)

Substitute Eqs. (22)–(25) by Eq. (27) and utilize the same method
given in Section 3.1, the wavelet equations in each angular subdo-
main can be obtained as follows:∑
m

∑
n

[
−Amm′nn′

∂ 1
g,mn(x, y)

∂x
− Bmm′nn′

∂ 1
g,mn(x, y)

∂y

]

+˙t,g 1
g,m′n′ (x, y) = Q1

f,g,m′n′ + Q1
s,g,m′n′ + S1

g,m′n′ (x, y) (28)

∑
m

∑
n

[
Amm′nn′

∂ 2
g,mn(x, y)

∂x
− Bmm′nn′

∂ 2
g,mn(x, y)

∂y

]

+˙t,g 2
g,m′n′ (x, y) = Q2

f,g,m′n′ + Q2
s,g,m′n′ + S2

g,m′n′ (x, y) (29)

∑
m

∑
n

[
Amm′nn′

∂ 3
g,mn(x, y)

∂x
+ Bmm′nn′

∂ 3
g,mn(x, y)

∂y

]

+˙t,g 3
g,m′n′ (x, y) = Q3

f,g,m′n′ + Q3
s,g,m′n′ + S3

g,m′n′ (x, y) (30)
Design 238 (2008) 2292–2301 2295

∑
m

∑
n

[
−Amm′nn′

∂ 4
g,mn(x, y)

∂x
+ Bmm′nn′

∂ 4
g,mn(x, y)

∂y

]

+˙t,g 4
g,m′n′ (x, y) = Q4

f,g,m′n′ + Q4
s,g,m′n′ + S4

g,m′n′ (x, y) (31)

where m′ = 1 ∼ Pm, n′ = 1 ∼ Pn and Amm′nn′ =∫ 1
0

√
1 −�2wm(�)wm′ (�)d�

∫ 1
0

cos(�/2
)wn(
)wn′ (
)d


Bmm′nn′=
∫ 1

0

√
1 −�2wm(�)wm′ (�)d�

∫ 1
0

sin(�/2
)wn(
)wn′ (
)d
.
Pm and Pn denote the total number of expansion coefficients of the
polar variable and azimuthal variable, respectively.  1

g,mn,  2
g,mn,

 3
g,mn,  4

g,mn stand for the wavelet expansion coefficients in each
angular subdomain.

It can be seen that there are 2Jm+Jn coupled wavelet moments
need to be solved in Eqs. (28)–(31). Jm and Jn stand for the expan-
sion order of the polar variable and azimuthal variable, respectively.
According to the numerical test experience which will be given in
Section 5.2, this amount of unknowns requires large computational
steps, sometimes unacceptable in two-dimensional calculation
even though the expansion order is not so high. It necessitates the
improvement in two-dimensional wavelet expansion.

Previous studies indicate the transport solution of the angu-
lar flux distribution is relatively smooth in the polar direction
in most two-dimensional problems (Adams, 2001). This phe-
nomenon illumes the idea of treating the polar variable and
azimuthal variable independently. A new angular discretization
scheme is therefore raised based on the tensor product form of
two-dimensional wavelet expansion in Eq. (26). In this scheme, the
wavelet basis is only used to expand the azimuthal variable and a
traditional discrete ordinate method is used to deal with the polar
variable.

Define
∫
��m

�g(r,�,ϕ)d� = ωm�g,m(r, ϕ) and∫
��m

˝∇�g(r,�,ϕ)d� = ωm[˝∇�g(r,�,ϕ)]m.

The wavelet equations in each angular subdomain are rewritten
as√

1 −�2
m

[
cos(−� + ϕ)

∂�1
g,m(x, y,−� + ϕ)

∂x

+ sin(−� + ϕ)
∂�1
g,m(x, y,−� + ϕ)

∂y

]
+˙t,g�1

g,m(x, y,−� + ϕ)

= Q1
f,g,m + Q1

s,g,m + S1
g,m(x, y) (32)
√
1 −�m2

[
cos(−ϕ)

∂�2
g,m(x, y,−ϕ)

∂x
+ sin(−ϕ)

∂�2
g,m(x, y,−ϕ)

∂y

]

+˙t,g�2
g,m(x, y,−ϕ) = Q2

f,g,m + Q2
s,g,m + S2

g,m(x, y) (33)

√
1 −�m2

[
cosϕ

∂�3
g,m(x, y,ϕ)

∂x
+ sinϕ

∂�3
g,m(x, y,ϕ)

∂y

]

+˙t,g�3
g,m(x, y,ϕ) = Q3

f,g,m + Q3
s,g,m + S3

g,m(x, y) (34)

√
1 −�m2

[
cos(� − ϕ)

∂�4
g,m(x, y,� − ϕ)

∂x

+ sin(� − ϕ)
∂�4
g,m(x, y,� − ϕ)

∂y

]
+˙t,g�4

g,m(x, y,� − ϕ)

= Q4
f,g,m + Q4

s,g,m + S4
g,m(x, y) (35)

The corresponding wavelet basis is defined as
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�g,m(x, y,ϕ) =
∑
n

 g,mn(x, y)wn(
), 
 = 2
�
ϕ (36)

Thus,√
1 −�2

m

∑
n

[
−Ann′

∂ 1
g,mn(x, y)

∂x
− Bnn′

∂ 1
g,mn(x, y)

∂y

]

+˙t,g 1
g,mn′ (x, y) = Q1

f,g,mn′ + Q1
s,g,mn′ + S1

g,mn′ (x, y) (37)

√
1 −�2

m

∑
n

[
Ann′

∂ 2
g,mn(x, y)

∂x
− Bnn′

∂ 2
g,mn(x, y)

∂y

]

+˙t,g 2
g,mn′ (x, y) = Q2

f,g,mn′ + Q2
s,g,mn′ + S2

g,mn′ (x, y) (38)

√
1 −�2

m

∑
n

[
Ann′

∂ 3
g,mn(x, y)

∂x
+ Bnn′

∂ 3
g,mn(x, y)

∂y

]

+˙t,g 3
g,mn′ (x, y) = Q3

f,g,mn′ + Q3
s,g,mn′ + S3

g,mn′ (x, y) (39)

√
1 −�2

m

∑
n

[
−Ann′

∂ 4
g,mn(x, y)

∂x
+ Bnn′

∂ 4
g,mn(x, y)

∂y

]

+˙t,g 4
g,mn′ (x, y) = Q4

f,g,mn′ + Q4
s,g,mn′ + S4

g,mn′ (x, y) (40)

where m′ = 1 ∼ M and n′ = 1 ∼ Pn, M denotes the total number of
Gaussian points determined in traditional SN method in the polar
direction and Pn stands for the total number of expansion coeffi-
cients of the azimuthal variable.

Compared with direct two-dimensional wavelet expansion, the
discrete ordinate wavelet expansion decreases the number of cou-
pled wavelet moments from 2Jm + Jn to 2Jn for each fixed polar
variable. Numerical result given in Section 5.2 demonstrates that
this improved angular discretization scheme removed most cou-
pled unknown wavelet moments while the accuracy is still good
enough. It makes high-order two-dimensional calculations much
more efficiency.
As the angular flux always varies slowly in the polar direction in
most two-dimensional problems and we only use discrete ordinate
discretization in the polar variable, ray effect, which always occurs
in the SN method, does not appear in this method.

4. The solution of wavelet equations

4.1. The iterative method for coupled wavelet equations

There are many unknown wavelet moments which are coupled
strongly with each other by a set of partial differential equations.
The finite difference method may be an ideal method with the
step scheme. However, due to the objective in heterogeneous neu-
tron transport calculation, the least-square finite element method
(Wu and Ju, 2007) for first-order neutron transport equation is
selected to solve the coupled partial differential equations in this
study and a corresponding iterative method is introduced into the
solution.

Regarding  g,mn′ (x, y) as unknown and the other moments as
known for any given m and n′, it is very convenient to get the
decoupled wavelet equations in each angular subdomain. Taking
the wavelet equations in the first angular subdomain as an example,
we can get:
Fig. 5. Boundary definition in typical geometry.

√
1 −�2

m

[
−An′n′

∂ 1,k+1
g,mn′ (x, y)

∂x
− Bn′n′

∂ 1,k+1
g,mn′ (x, y)

∂y

]

+˙t,g 1,k+1
g,mn′ (x, y) = Q1,k

g,mn′ + F1,k
n′ (x, y) (41)

where

Q1,k
g,mn′ = Q1,k

f,g,mn′ + Q1,k
s,g,mn′ + S1,k

g,mn′ (x, y) (42)

and

F1,k
n′ (x, y) =

√
1 −�2

m

∑
n
=n′

[
Ann′

∂ 1,k
g,mn(x, y)

∂x
+ Bnn′

∂ 1,k
g,mn(x, y)

∂y

]

(43)

To make the iteration stable, an over relaxation method is applied.
Thus, Eq. (41) can be rewritten as

√
1 −�2

m

[
−An′n′

∂ 1,k+1
g,mn′ (x, y)

∂x
− Bn′n′

∂ 1,k+1
g,mn′ (x, y)

∂y

]

+˙t,g 1,k+1
g,mn′ (x, y) = Q1,k

g,mn′ + (1 +ω)F1,k
n′ (x, y) −ωF1,k−1

n′ (x, y)
(44)

where ω is the over relaxation factor, which depends on the size
of meshes. Corresponding to the over relaxation method, an addi-
tional iteration is resolved in each angular subdomains for several
times before each step in the source iterations. A series of tests are
taken to certificate the stabilization of the iteration with different
Daubechies’ order and expansion order. The numerical results given
in Section 5 will show the iterative method can solve the coupled
wavelet equations effectively and accurately.

4.2. The treatments of boundary conditions

Two types of boundary conditions are considered in this paper.
Considering a traditional geometry as shown in Fig. 5, we take the
 1 boundary as an example.

a. Vacuum boundary condition
The definition of vacuum boundary condition is

�g(rb,˝) = 0, ˝ · n < 0 (45)



g and Design 238 (2008) 2292–2301 2297

)

)

can see the scalar flux suffers significant change in region 2 and
region 4. Four results are presented with expansion order J = 0, 1, 2,
3, respectively. The result given by Buchan with P9 approximation
is taken as reference (Buchan et al., 2005). It is easy to find that the
result of WAVFEM with expansion order J = 2 is very close to that
of P9. There are, however, only 4 coupled unknown moments are
needed in the wavelet expansion in each angular subdomain, which
is much less than that of P9 with 10 coupled unknown moments.

5.2. One-dimensional Issa benchmark problem

This problem is a one-dimensional two regions eigenvalue
problem designed by Issa et al. (1986). One-dimensional wavelet
expansion, two-dimensional direct wavelet expansion and dis-
crete ordinate wavelet expansion are all tested in this problem.
The geometry is illustrated in Fig. 8 and the cross-sections are
shown in Table 2. Reflective boundary condition and vacuum
boundary condition are applied in the left and the right side, respec-
tively. Additionally, in the two-dimensional calculations, reflective
boundary condition is given both in the top and the base side, and
L. Cao et al. / Nuclear Engineerin

In the 1 side, the angular flux in the second angular subdomain
is considered as the incident angular flux.Considering〈
�2
g,m

(
rb,−

�

2


)
, wn′ (
)

〉
=

〈∑
n

 2
g,mn(rb)wn(
), wn′ (
)

〉

= 0 (46

The vacuum boundary condition expression in the  1 side is
obtained as

 2
g,mn(rb) = 0 (47)

b. Reflective boundary condition
The definition of reflective boundary condition is

�g(rb,˝) = �g(rb,˝′) (48)

In the 1 side, the angular flux in the second angular subdomain
is considered as the incident angular flux corresponding to the
emergent angular flux in the third angular subdomain. Thus, the
reflective boundary condition can be written as
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g,m

(
rb,
�

2


)

(49)
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)
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 2
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)

〉

=
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 3
g,mn(rb)wn(
), wn′ (
)

〉
(50

The reflective boundary condition expression in the  1 side is
obtained as

 2
g,mn(rb) =  3

g,mn(rb) (51)

The other angular subdomains in each side ( 2,  3 and  4)
are treated analogously. Then the decoupled wavelet equations
could be solved easily subdomain by subdomain.

5. The numerical results

A multi-group transport calculation code, WAVFEM, is devel-

oped according to the method described above. It can be used to
solve both fixed source problems and eigenvalue problems in arbi-
trary geometry with different Daubechies’ order and expansion
order. It also provides an option of choosing direct wavelet expan-
sion or discrete ordinate wavelet expansion in two-dimensional
calculations. The unstructured meshes are generated by use of the
general FEM software ANSYS. Several benchmark problems consid-
ering only isotropic scattering are calculated using this code. The
angular flux is reconstructed in all two-dimensional calculations.
Due to the smooth distribution of angular flux in the polar direc-
tion in two-dimensional problems, we focus only on the angular
flux distribution in the azimuthal direction by applying the discrete
ordinate expansion.

5.1. Reed cell benchmark problem

This problem is a one-dimensional five regions fixed source
problem given by Buchan et al. (2005). It is chosen to verify the
accuracy of the wavelet expansion over complex condition shown
in Fig. 6. The cross-sections in each region are shown in Table 1.
Reflective boundary condition and vacuum boundary are applied
in the left and the right side, respectively.
Fig. 6. Geometry of Reed cell benchmark.

Table 1
The cross-section of Reed cell benchmark

Source (cm−2 s−1) ˙t (cm−1) ˙s (cm−1)

Region 1 50.0 50.0 0.0
Region 2 0.0 5.0 0.0
Region 3 0.0 0.0 0.0
Region 4 1.0 1.0 0.9
Region 5 0.0 1.0 0.9

The scalar flux distribution is shown in Fig. 7, from which we
the height of the regions is set to be 1 cm.

Fig. 7. Scalar distribution in Reed cell benchmark.
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Fig. 10. Scalar flux distribution in the base side.
Fig. 8. Geometry of Issa benchmark.

Table 2
Cross-sections of Issa benchmark

˙t (cm−1) 	˙f (cm−1) ˙s (cm−1)

Region 1 1.0 1.0 0.5
Region 2 0.8 0.0 0.4

Table 3
Eigenvalues based on different methods of Issa benchmark

Eigenvaluea

MCNP 1.6791
ANISIN S16 1.6784
One-dimensional wavelet expansion 1.6805
Two-dimensional direct expansion 1.6804
Two-polar discrete ordinate wavelet expansion 1.6808

a All calculations based on the expansion order J = 4 and Daubechies’ order N = 3.

The eigenvalues calculated by WAVFEM with different methods
are shown in Table 3. They are compared with the result given by
the one-dimensional SN code ANISIN (Engle, 1973). Meanwhile, a

precise reference is calculated by use of MCNP code (Briesmeister,
2002) with 400 generation and 50,000 particles in each genera-
tion. As described in Section 3.2, the number of unknown wavelet
moments is determined by the expansion order. Take expansion
order J = 3 for example, there are 23+3 coupled unknown moments
in the wavelet equations by direct expansion method but only 23

coupled unknown moments at each fixed polar cosine by discrete
ordinate expansion. Table 4 illustrates other comparisons between
the two methods. The results demonstrate the efficiency of discrete
ordinate wavelet expansion, which is very important in high-order
high-dimensional calculations.

Based on different methods, Fig. 9 shows that all wavelet calcu-
lations reach high precision by increasing the order of expansion.
Fig. 10 illustrates the scalar flux distribution in the base side. The
reference value is obtained from code FELTRAN (Issa et al., 1986),
which is based on the finite element spherical harmonics method.

In order to demonstrate the validity of high-precision angular
flux simulation by use of the wavelet expansion, the angular flux
distribution is reconstructed. The expansion order here is chosen
as J = 4. The result is compared with that of a least-square FEM SN
code LESFES with S16 discretization (Wu and Ju, 2007). Both codes

Table 4
Comparison of coupled unknown moments in different expansion

J = 1 J = 2 J = 3 J = 4

Direct expansion
Eigenvalue 1.6980 1.6870 1.6823 1.6804
No. of coupled moments 4 16 64 256

Two-polar discrete ordinate expansion
Eigenvalue 1.6965 1.6884 1.6834 1.6808
No. of coupled moments 2 × 2 2 × 4 2 × 8 2 × 16
Fig. 9. Relative error of eigenvalues with different expansion order.
employ the same spatial discretization method. All calculations are
based on the same 52 quadratic triangular meshes. Further refine-
ment presents no visibly difference. Fig. 11 illustrates the angular
flux distribution in the azimuthal direction at Point 1, which is
shown in Fig. 8. The fixed polar variable is selected as �= 0.149,
where 32 discrete values of angular flux can be obtained from S16
discretization. The result presents well agreements with high-order
SN discretization in the wavelet expansion calculation, which could
supply the angular flux at arbitrary angular point.

It is noticeable that visible discontinuity occurs in the adjacent
regions of angular subdomains. It is an inevitable phenomenon

Fig. 11. Angular flux in the azimuthal dimension at fixed polar.
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Table 6
Results of BWR cell benchmark

Group 1 Group 2 Eigenvalue

Fuel Moderator Fuel Moderator

Reference 1.0a 0.9269 0.3527 0.4514 1.2127

Discrete ordinate wavelet expansion
2 polar and J = 2 1.0 0.9380 0.3553 0.4601 1.2134
2 polar and J = 3 1.0 0.9361 0.3548 0.4597 1.2133
3 polar and J = 2 1.0 0.9331 0.3543 0.4565 1.2133
3 polar and J = 3 1.0 0.9310 0.3538 0.4561 1.2132

Fig. 13. Relative error of eigenvalue according to No. of unknowns.

The angular flux is reconstructed at the spatial point shown in
Fig. 12 and fixed polar cosine �= 0.149. Fig. 14 illustrates the com-
Fig. 12. Geometry of BWR cell benchmark.

called ‘edge effect’ in wavelet analysis theory. This is due to the
use of wrapped Daubechies’ wavelet expansion (Newland, 1993)
in the angular subdomain scheme. It forces the values at edges of
unknown functions to be equal according to cyclic continuation.
According to the angular subdomian division in this study, it may
cause the discontinuation shown in Fig. 11. Fortunately, numerical
results show that the effect region of this phenomenon is very small
while the expansion order is high and the effect could be negligible
in the scalar flux calculations and eigenvalue calculations. Mean-
while, it should be specially mentioned that this problem is the
most severe case in which edge effect occurs. It is due to the mono-
tone change of angular flux in each angular subdomain, which does
not occur frequently in neutron transport calculations.
5.3. Two-dimensional BWR cell benchmark problem

This problem is a two-dimensional two regions two-group
eigenvalue problem designed by Stepanek et al. (1983) from a BWR
cell. Region 1 stands for the homogeneous pin and region 2 denotes
the moderator. The geometry is shown in Fig. 12 and the cross-
sections are given in Table 5. Reflective boundary conditions are
given in all sides.

The eigenvalues and normalized averaged scalar flux calculated
by WAVFEM are given in Table 6. The reference is calculated by
a neutron transport code SURCU (Stepanek et al., 1983) based on
the integral transport theory. Clearly, calculations with a few fixed
polar variables and low-order expansion reach enough precision.
Meanwhile, the least-square FEM SN code is calculated in this prob-
lem with the same 78 quadratic triangular meshes. The comparison
in Fig. 13 shows that the wavelet expansion performs better pre-
cision while the same spatial discretization scheme is applied in
this problem. However, much less unknown moments are required
in the wavelet expansions, which make the calculation efficient
potentially.

Table 5
Cross-sections of BWR cell benchmark

	˙f (cm−1) ˙1−1 (cm−1) ˙1−2 (cm−1) ˙t (cm−1) �

Group 1
Fuel 6.203E−3 1.78E−1 1.002E−2 1.96647E−1 1.0
Moderator 0.0 1.995E−1 2.188E−2 2.22064E−1

Group 2
Fuel 1.101E−1 1.089E−3 5.255E−1 5.96159E−1 0.0
Moderator 0.0 1.558E−3 8.783E−1 8.87874E−1
a The average scalar flux in group 1 and fuel region is normalized to be unit.
parison of results from wavelet expansion with J = 3 and S16 angular
discretization. The distribution of angular flux in the azimuthal
direction is bumpy and peaky. It might be a reason why wavelet
expansion gets more exact results in this problem. Suppose higher-
order angular discretization would well improve the angular flux
simulation in the SN method. However, compared with the value of
scalar flux, the amplitude of angular flux distribution is not obvi-
ous, i.e., the angular flux distribution does not contribute much
to the result of scalar flux calculation. Thus, traditional low-order
angular approximations also reach good results in previous studies.
Meanwhile, due to the non-monotonic change of angular flux, the

Fig. 14. Angular flux in the azimuthal dimension at fixed polar.
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Fig. 16. Photocopy of angular flux distribution in Adams’s problem (Adams, 2001).
Fig. 15. Geometry of Adams’s problem.

Table 7
Cross-section of Adams’s problem

Source (cm−2 s−1) ˙t (cm−1) ˙s (cm−1)

Fuel 2� 0.141367 0.057843
Moderator 0.0 0.072774 0.008642

edge effect mentioned above is feeble in this problem as shown in
Fig. 14.

5.4. Bumpy angular flux distribution reconstruction

This problem is based on an unexpected discovery by Adams
(2001). It is a two regions fixed source problem focused on the high-
energy flux. The geometry is shown in Fig. 15 and the cross-sections
are given in Table 7. Reflective boundary conditions are given in all
sides.
To demonstrate the accuracy of wavelet expansion, the results
of MCNP code (Briesmeister, 2002) with 100,000,000 particles
is selected as the reference. The average scalar flux agrees well
with the reference as shown in Table 8. Fig. 16 gives a photo-
copy of the angular flux distribution given by Adams (2001). The
result is obtained by use of a ‘product’ quadrature set with 512
uniformly spaced points in the azimuthal direction. It shows a
solution of quite complexity of angular flux distribution in the
azimuthal direction for a fixed polar cosine 0.33 at the spa-
tial point shown in Fig. 15. The angular flux is reconstructed
by use of wavelet expansion with Daubechies’ order N = 3 and
expansion order J = 4 for a fixed polar cosine 0.5774 according
to the Gauss quadrature set in WAVFEM. The result is illus-
trated in Fig. 17. Compared with the reference, the angular flux
presents similar distribution which is impossible to be simulated
in other polynomial function expansion methods. Differences may
be caused by different methods for polar variable selection and
the angular subdomain scheme used in WAVFEM. However, there
are only 16 coupled unknown moments in each angular subdo-
main to be determined, which is much less than the 512 points
in the azimuthal variable according to Adams’ work. Namely,

Table 8
Average scalar flux of Adams’s problem

Average Scalar Flux MCNP Wavelet, J = 4 Relative error (%)

Fuel 30.39 29.86 1.74
Moderator 28.99 29.25 0.90
Fig. 17. Angular flux distribution obtained from wavelet expansion.

the discrete ordinate wavelet expansion makes such calculation

acceptable.

6. Conclusions

This paper uses the wavelet basis to expand the angular vari-
able of first-order neutron transport equation and use the FEM
to discretize the spatial variables on unstructured-meshes. Based
on high-dimensional wavelet construction theory, an improved
angular discretization scheme coupled of wavelet expansion and
discrete ordinate method is introduced into two-dimensional cal-
culation, which realizes the high-order high-dimensional wavelet
expansion calculations in the neutron transport solutions. An iter-
ative method is utilized to decouple the unknown moments of
wavelet expansions with the application of an angular subdomain
scheme. Numerical results demonstrate that the accuracy and flex-
ibility of the wavelet expansion method are very good especially
for the case with surged angular flux, and the iterative strategy
is effective. Also, they show the advantages in high-order angular
approximation with less unknown wavelet moments needed.

However, the edge effect arises in the angular subdomain
scheme. It possibly causes the discontinuation of angular flux in
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the adjacent regions of subdomains in some cases. Meanwhile, the
least-square FEM is used to discretize the spatial variables in this
paper. It costs much of the CPU time. Obviously, it can be substituted
by any better method to save calculation time.
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