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The uncertainties of multigroup cross sections notably impact eigenvalue of neutron-transport equation.
We report on a total sensitivity analysis and total uncertainty analysis code named UNICORN that has
been developed by applying the direct numerical perturbation method and statistical sampling method.
In order to consider the contributions of various basic cross sections and the implicit effects which are
indirect results of multigroup cross sections through resonance self-shielding calculation, an improved
multigroup cross-section perturbation model is developed. The DRAGON 4.0 code, with application of
WIMSD-4 format library, is used by UNICORN to carry out the resonance self-shielding and
neutron-transport calculations. In addition, the bootstrap technique has been applied to the statistical
sampling method in UNICORN to obtain much steadier and more reliable uncertainty results. The
UNICORN code has been verified against TSUNAMI-1D by analyzing the case of TMI-1 pin-cell. The
numerical results show that the total uncertainty of eigenvalue caused by cross sections can reach up
to be about 0.72%. Therefore the contributions of the basic cross sections and their implicit effects are
not negligible.

� 2015 Elsevier Ltd. All rights reserved.
1. Introduction

In recent years, there has been an increasing demand for best
estimate predictions to be provided with their confidence bounds
in many domains, including nuclear research, industry, safety
and regulation (Ivanov et al., 2013). Uncertainty analysis is a
proper way to determine the appropriate design margins. The
neutronics calculations are prerequisite for the predictions of
reactor system, and the uncertainties introduced by neutronics cal-
culations would be propagated to the subsequent calculations,
such as thermal/hydraulics, neutron kinetics and safety analysis.
Therefore, uncertainty analysis for neutronics calculations is the
basic analysis in reactor design. Recently, the imprecision of cross
sections, which would introduce uncertainties to responses of neu-
tronics calculations, has been treated as one of the most significant
sources of uncertainty (Pusa, 2012). According to the previous
researches, the relative standard deviations of the eigenvalue
caused by cross-section uncertainties are significant and
non-ignorable (Wieselquist et al., 2012; Yankov et al., 2012). In this
context, it’s necessary to perform uncertainty analysis for
neutronics calculations to obtain much more confident and appro-
priate safety margins introduced by cross-section uncertainties.

In order to perform the uncertainty propagations from nuclear
cross sections to the responses of neutronics calculations, two
categories of methodologies have been widely applied: the deter-
ministic method and the statistical sampling method. For the
deterministic method, sensitivity analysis is implemented firstly
to obtain the sensitivity coefficients of responses with respect to
cross sections. Perturbation theory (PT) (Weisbin et al., 1976;
Pusa, 2012) and direct numerical perturbation (DNP) (Rearden,
2009) method are widely used to perform the sensitivity analysis.
After the sensitivity coefficients are obtained, uncertainties of
responses can be calculated by applying the ‘‘sandwich rule’’
(Rearden et al., 2009) combining sensitivity coefficients with corre-
sponding covariance matrix of the cross sections. For the statistical
sampling method, samples of cross sections are generated from
their distributions regions firstly. The cross-section samples are
then used as input parameters to carry out the neutronics
calculations to obtain the responses of interest with respect to
corresponding cross-section samples. Finally, the statistical
calculation is applied to calculate the uncertainties of responses.

There are two important problems which should be considered
when performing sensitivity and uncertainty analysis for
responses with respect to cross sections. Firstly, in neutronics
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calculations, only the integral cross sections, such as the total cross
section rt and scattering cross section rs are required, while the
basic cross sections like r(n,elas), r(n,2n), r(n,c) and so forth are not
directly used. However, the uncertainties of these basic cross
sections can also cause uncertainties to the responses. Therefore,
the analysis should be performed not only to the integral cross sec-
tions, including rt, rs and ra, but also to the basic cross sections,
including r(n,elas), r(n,inel), r(n,2n), r(n,3n), r(n,f), r(n,c), r(n,p), r(n,D),
r(n,T), r(n,He), r(n,a) and m.

Secondly, the effects of cross sections on the responses can be
divided into two parts: the explicit portion and the implicit por-
tion. This phenomenon is due to the fact that in deterministic
method for neutronics calculation, both resonance self-shielding
and neutron-transport calculations are required. The explicit
portion is defined as the direct contributions of effective
self-shielding cross sections on the responses through
neutron-transport calculation. The implicit portions are the contri-
butions of cross sections on responses through resonance
self-shielding calculation. And the total effect is defined as summa-
tion of the explicit portion and implicit portion. It has been
observed that the implicit portions are important and
non-ignorable (Rearden et al., 2005). There are two categories of
methodologies having been applied to consider the implicit por-
tions. The first one focuses on resonance self-shielding calculation
model, such as works done by Liu et al. (2015), Rearden et al.
(2009), Foad and Takeda (2015) and Dion and Marleau (2013).
The other one focuses on the multigroup cross-section library
and cross-section perturbation models have been established, such
as works done by Ball et al. (2013) and Kinoshita et al. (2014).

In order to consider the two aspects of works above, a new code
named UNICORN, performing the total sensitivity analysis and
total uncertainty analysis for eigenvalue with respect to cross sec-
tions, has been developed in this paper. To consider the implicit
effects of cross sections to eigenvalue, the method applied in the
UNICORN code is chosen focusing on the multigroup
cross-section library. This method has the advantage of convenient
practice and a multigroup cross-section perturbation model is
required. Ball et al. (2013) has proposed a multigroup
cross-section perturbation model, with which total sensitivity
analysis can be performed for eigenvalue to the cross sections
stored in the WIMSD-4 format library. However, total sensitivity
analysis to various basic cross sections which are important to sen-
sitivity and uncertainty analysis, are beyond the capability of this
model. Therefore, the improvements, including the perturbation
propagations and consistency rules for various basic cross sections,
have been accomplished to the multigroup cross-section perturba-
tion model. With the improved cross-section perturbation model,
the UNICORN code has the capability of performing total sensitiv-
ity analysis and total uncertainty analysis for the eigenvalue with
respect to all types of integral and basic cross sections mentioned
above. Moreover, some conclusions about detailed origins of the
implicit effects, which haven’t been published before, are laid out
in this work from the neutron physics point of view.

The statistical sampling method and DNP method have been
chosen and accomplished in the UNICORN code to perform sensi-
tivity and uncertainty analysis. For uncertainty analysis, the statis-
tical sampling method has the obvious advantages including
convenience, no approximation and no limit to the number of
responses, compared with the deterministic method. However,
the sensitivity coefficients, which are essential elements for sensi-
tivity analysis, can’t be obtained by the statistical sampling
method. However, the sensitivity coefficients are important and
essential for similarity analysis (Rearden and Jessee, 2009), and
cross-section adjustment (Broadhead et al., 2004). Therefore, in
order to perform sensitivity analysis, the DNP method has been
selected and accomplished in the UNICORN code. In the context,
the desirable features of DNP method and statistical sampling
method have been incorporated in the UNICORN code to perform
total sensitivity analysis and total uncertainty analysis respec-
tively. In addition, the lattice code DRAGON 4.0 (Marleau et al.,
2014) is used to carry out the resonance self-shielding calculation
and neutron-transport calculation with application of the
WIMSD-4 format multigroup cross-section library.

An overview of the UNICORN code is given in Section 2. In
sequences, Section 3–5 describe the multigroup cross-section per-
turbation model, statistical sampling method and direct numerical
perturbation method, respectively. In Section 6, verification of the
UNICORN code is given and the corresponding numerical results
and analysis are presented.
2. Overview of the UNICORN code

In this paper, the UNICORN code has been developed to perform
total sensitivity analysis and total uncertainty analysis for the
eigenvalue of neutronics calculations with respect to the multi-
group cross sections. The flowchart of the UNICORN code is shown
in Fig. 1.

In the UNICORN code, the basic models include these three
parts: the multigroup cross-section perturbation model (described
in Section 3), the statistical sampling method (described in
Section 4) and the direct numerical perturbation method
(described in Section 5). The nuclear data which is necessary,
including all types of integral and basic cross sections, are obtained
by incorporating the WIMSD-4 format library and the output of
NJOY (Macfarlane et al., 2012). Based on the nuclear data and basic
models, the UNICORN code has the capability of detailed sensitivity
and uncertainty analysis for various kinds of cross sections.
3. Multigroup cross-section perturbation model

In order to consider the basic cross sections and implicit effects
mentioned above, the multigroup cross-section perturbation
model proposed by Ball et al. (2013) has been improved in this
paper. This section will describe the improved multigroup
cross-section perturbation model in detail. This section consists
of three parts: firstly, the generations of multigroup cross sections
and resonance integrals from point-wise cross sections are intro-
duced as the basic theory for the multigroup cross-section pertur-
bation model; secondly, the perturbation propagations from the
point-wise cross sections to the multigroup ones and resonance
integrals are introduced; finally, the consistency rules between
the integral and basic cross sections are explained.

3.1. Multigroup cross sections and resonance integrals

The cross sections in ENDF files should be processed to specific
multigroup format, e.g. the WIMSD-4 format, before they can be
utilized by the deterministic lattice code, such as DRAGON. The
energy- and temperature-dependent point-wise cross sections
are converted into specific multigroup format using weighting flux
/(E,r0) shown as the following formula:

rx;gðT;r0Þ ¼
R

DEg
rxðE; TÞ/ðE;r0ÞdER
DEg

/ðE;r0ÞdE
ð1Þ

where T, E and r0 represent the temperature, energy and back-
ground cross section respectively. And rx(E,T) stands for the
energy- and temperature-dependent point-wise cross sections. For
the non-resonance cross sections, the weighting flux is the function
of energy (formulated as /(E)), and for the cross sections with
resonances, the weighting flux is relative to both energy and
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Fig. 1. Flowchart of the UNICORN code.
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background cross sections. And for convenience, the weighting flux
is presented as /(E,r0) in following.

Generally, the NJOY code is used to generate the multigroup
cross-section library. With respect to the weighting flux /(E,r0),
the users can either choose one of the options for the iwt param-
eter of the GROUPR module in the NJOY code, or input it through
the input file of NJOY. Whichever way is chosen, slowing-down
equation should be solved for a homogeneous mixture of the res-
onant absorber with non-resonance nuclides to obtain the
weighting flux within the resonance-energy region for the reso-
nant cross sections. With application of the narrow resonance
(NR) approximation (Leszczynski et al., 2007), the weighting flux
/(E,r0) within resonance regions can be presented as shown in
Eq. (2):

/ðE;r0Þ ¼
rr

p þ r0

rtðEÞ þ r0
WðEÞ ð2Þ

where rr
p and rt(E) present the potential scattering cross section

and total cross section of the resonant nuclide correspondingly,
and W(E) stands for the 1/E shape. The multigroup resonance cross
sections can be obtained by substituting Eq. (2) into Eq. (1).

According to WIMSD-4 format multigroup library (Leszczynski
et al., 2007), the relations between the resonance cross sections
and corresponding resonance integrals for the gth group of cross
sections of type x can be formulated as shown in Eq. (3):

rx;gðT;rbÞ ¼
Ix;gðT;rbÞrb

rb � Ia;gðT;rbÞ
ð3Þ
where rb is defined as sum of rr
p and r0; ra,g(T, rb) and Ix,g(T, rb)

present the resonance absorption cross section and resonance inte-
gral of type x, at temperature T and background cross section r0. By
applying Eq. (3), the tables of resonance integrals, stored in
WIMSD-4 format library, can be converted to the tables of reso-
nance cross sections which are required for analysis in this paper.
3.2. Perturbation propagations

The multigroup cross-section perturbation model is established
based on WIMSD-4 format library to take into account of the impli-
cit effects. Since the multigroup cross sections are generated from
the point-wise cross sections, the multigroup cross-section pertur-
bations should be consistency with the perturbations propagated
from the point-wise cross sections. In this paper, it is assumed that
the perturbation for the gth group of type x is performed by the
uniform relative perturbation to the point-wise cross section
within the energy range of the gth group, shown as in Eq. (4):

r0xðE; TÞ ¼ ð1þ dx;gÞrxðE; TÞ Eg�1 � E � Eg ð4Þ

where Eg�1 and Eg present the lower and upper energy boundaries
of the gth group; r0xðE; TÞ stands for the perturbed point-wise cross
section of type x.

For the cross sections without resonance, the weighting flux is
selected or input by users and independent of the point-wise cross
sections. Therefore, the perturbation propagations from the
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point-wise cross sections to the multigroup ones are linear and can
be presented shown as in Eq. (5):

r0x;gðTÞ ¼
R

DEg
r0xðE; TÞ/ðEÞdER
DEg

/ðEÞdE
¼ ð1þ dx;gÞ

R
DEg

rxðE; TÞ/ðEÞdER
DEg

/ðEÞdE

¼ ð1þ dx;gÞrx;gðTÞ ð5Þ

However, for the resonant cross sections, the perturbation prop-
agations are non-linear. Because the weighting flux within
resonance-energy regions would be perturbed at the same time
due to perturbations to the point-wise cross sections, according
to Eq. (2). Therefore, strict derivation should be performed to
determine the correct propagations of perturbations from the
point-wise cross sections to the multigroup ones.

Substituting the Eq. (4) into Eqs. (1) and (2), and the perturbed
resonant cross sections can be written as:

r0x;gðT;r0Þ ¼
R

DEg
r0xðE; TÞ/ðE;r0ÞdER
DEg

/ðE;r0ÞdE

¼ ð1þ dx;gÞ
R

DEl
rxðl; TÞ

rr
pþr0

rtðl;TÞþdx;grxðl;TÞþr0
dl

R
DEl

rr
pþr0

rtðl;TÞþdx;grxðl;TÞþr0
dl

¼ ð1þ dx;gÞ
R

DEl
rxðl; TÞ

rr
pþr0

ð1þdt;g Þrtðl;TÞþr0
dl

R
DEl

rr
pþr0

ð1þdt;g Þrtðl;TÞþr0
dl

¼ ð1þ dx;gÞrx;gðT;r00Þ ð6Þ

where r00 stands for the perturbed background cross sections due to
perturbations of point-wise cross sections which can be expressed
as shown in Eq. (7):

r00 ¼
r0

1þ dt;g
ð7Þ

where dt,g presents the relative perturbation of total cross section
due to the relative perturbations dx,g of type x. The perturbed reso-
nant cross sections can be converted into corresponding resonance
integrals by application of Eq. (8):

I0x;gðT;rbÞ ¼
r0x;gðT;rbÞrb

r0a;gðT;rbÞ þ rb
ð8Þ
3.3. Consistency rules

In this paper, total sensitivity analysis and total uncertainty
analysis have been accomplished to not only the integral cross sec-
tions including rt, rs and ra, but also the basic cross sections
including r(n,elas), r(n,inel), r(n,2n) and so forth, which are absent from
neutron-transport equation and lumped in the integral cross sec-
tions. In order to perform the total sensitivity analysis and total
uncertainty analysis for the basic cross sections absent from
neutron-transport equation, the consistency rules should be estab-
lished to achieve the goal that the individual perturbation of basic
cross sections could be propagated and presented in the integral
ones. According to the WIMSD-4 format multigroup library, the
scattering, absorption and total cross sections are defined as shown
in Eqs. (9)–(11) respectively.
rs;g!h ¼ rðn;elasÞ;g!h þ rðn;inelÞ;g!h þ 2rðn;2nÞ;g!h þ 3rðn;3nÞ;g!h ð9Þ

ra;g ¼ rðn;f Þ þ rðn;gÞ þ rðn;aÞ þ rðn;2aÞ þ rðn;pÞ þ rðn;DÞ þ rðn;TÞ
þ rðn;He3Þ � rðn;2nÞ;g � 2rðn;3nÞ;g ð10Þ

rt;g ¼ ra;g þ rs;g ð11Þ

According to these formulas, integral cross sections are depen-
dent on corresponding basic cross sections, for example ra is
dependent on the basic cross sections r(n,f), r(n,c) and so forth as
shown in Eq. (10). Hence, the consistency rules for different types
of cross sections are presented in Table 1–3.
In Tables 1–3, rs, ra, rvf and rtr present the scattering, absorp-
tion, fission yield and transport cross sections respectively; Ia and
Ivf stand for resonance integrals of absorption and fission yield
cross sections. Table 1 is used to propagate perturbations of basic
cross sections without resonance nuclides like 16O and 1H, and
can also be used to the thermal and fast groups for resonant
nuclides. Perturbation propagation of basic resonant cross sections
within the resonance groups should apply Table 2. Table 3 is used
in case of non-resonance cross sections for resonant nuclides such
as r(n,elas) of 235U within resonance groups, because rt would be
perturbed and thus the resonance cross sections would be per-
turbed according to Eqs. (6) and (7). For integral cross sections,
including rs, ra and rt, perturbations to these cross sections can
be converted to perturbations to corresponding basic cross sec-
tions uniformly. For example, when relative perturbation da,g is
applied to the gth group of absorption cross section, the same rel-
ative perturbation, da,g is added to all basic cross sections present in
Eq. (10) and relative perturbation propagations are considered
according to Tables 1–3. It should be noted that when perturbation
is achieved to ra (or rs), rs (or ra) should not be perturbed, because
r(n,2n) and r(n,3n) are contributors both to ra and rs as shown in Eqs.
(9) and (10).

Based on the cross-section perturbation propagations and con-
sistency rules described above, the WIMSD-4 format multigroup
library can be perturbed, reconstructed and rewritten to perform
total sensitivity analysis and total uncertainty analysis for eigen-
value with respect to the basic and integral cross sections.
4. Statistical sampling method

Statistical sampling method is widely applied to perform uncer-
tainty analysis for complex system with multi-inputs and
multi-responses. Therefore, in the UNICORN code, the statistical
sampling method is an option to perform total uncertainty analy-
sis. In this section, the basic theory and method of the statistical
sampling method is introduced.

4.1. Theory and method

For any system, the relationship between input parameters and
responses can be briefly characterized as shown in Eq. (12):

R ¼ f ðXÞ ð12Þ

where X presents the multi-input vector and can be characterized
as X = [x1,x2,. . .,xnX]T in which nX is the number of input parameters;
R presents the multi-response vector and can be characterized as
R = [R1,R2,. . .,RnR]T in which nR is the number of responses.

There are three main steps to perform uncertainty propagation
from the uncertainties of input parameters to the responses
(Helton et al., 2006): firstly, determine the distribution ranges of
input parameters; secondly, generate the samples of the input
parameters; finally, statistical calculation for responses of corre-
sponding input samples.

In the first step, the uncertainties of input parameters are
required. In this paper, the interested input parameters are cross
sections, and the uncertainties of cross sections can be character-
ized by the group-wise covariance matrix. The covariance matrix
for input parameters characterized as X can be defined as R. As
to the covariance matrix R, the diagonal elements present the vari-
ances or uncertainties of input parameters, and the off diagonal
elements are covariance between different input parameters, char-
acterizing the correlations between them. Combined with the
expectation vector l which is characterized as l = [l1, l2,. . .,
lnX]T for X, the distribution ranges for every input parameter can
be determined.



Table 1
Cross-section perturbations to basic cross sections without resonance in WIMSD-4 library.

Basic cross sections Cross-section perturbations Cross-section consistency rules

r(n,x)(x = elas,inel) r0(n,x),g = (1 + dx,g)r(n,x),g r0s,g = rs,g + dx,gr(n,x),g

r0tr,g = rtr,g + dx,gr(n,x),g

r(n,2n) r0(n,2n),g = (1 + d(n,2n),g)r(n,2n),g r0s,g = rs,g + 2d(n,2n),gr(n,2n),g

r0a,g = ra,g � d(n,2n),gr(n,2n),g

r0tr,g = rtr,g + d(n,2n),gr(n,2n),g

r(n,3n) r0(n,3n),g = (1 + d(n,3n),g)r(n,3n),g r0s,g = rs,g + 3d(n,3n),gr(n,3n),g

r0a,g = ra,g � 2d(n,3n),gr(n,3n),g

r0tr,g = rtr,g + d(n,3n),gr(n,3n),g

r(n,x)(x = p,D,T,He,a,2a) r0(n,x),g = (1 + dx,g)r(n,x),g r0a,g = ra,g + dx,gr(n,x),g

r0tr,g = rtr,g + dx,gr(n,x),g

Table 2
Cross-section perturbations to basic cross sections with resonances in WIMSD-4
library.

Basic cross
sections

Cross-section
perturbations

Cross-section consistency rules

r(n,f) r0(n,f),g = (1 + d(n,f),g)r(n,f),g r0 tr,g = rtr,g + d(n,f),gr(n,f),g

r0a,g = ra,g + d(n,f),gr(n,f),g

rvf,g = v (1 + d(n,f),g)r(n,f),g

I0a,g(T,r0) = r0a,g(T,r00)r0/
(r0a,g(T,r00) + r0)
I0vf,g = r0vf,g(T,r00)r0/
(r0a,g(T,r00) + r0)

r(n,c) r0(n,c),g = (1 + d(n,c),g)r(n,c),g r0 tr,g = rtr,g + d(n,c),gr(n,c),g

r0a,g = ra,g + d(n,c),gr(n,c),g

I0a,g(T,r0) = r0a,g(T,r00)r0/
(r0a,g(T,r00) + r0)
I0vf,g = rvf,g(T,r00)r0/
(r0a,g(T,r00) + r0)
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In the second step, it is complicated to generate the samples
directly by application of the covariance matrix R, because differ-
ent input parameters such as xi and xj can be dependent, and thus
samples for one parameter should consider the union effects to the
others parameters. For this reason, samples for the dependent
parameters can be inverted to those for independent parameters
by application of the Eq. (13):

XS ¼ R1=2YS þ l ð13Þ

where Xs presents the sample space for X; Ys presents the sample
space for Y which has the same dimension with X, and all parame-
ters of Y are independent and obey standard normal distributions;
R1/2 is the square root of covariance R. Xs and Ys have the same
dimension nX*nS in which nS is the number of samples for each
parameter of X and Y. It is quite practical and convenient to gener-
ate the independent samples Ys, based on which the dependent
samples Xs for parameters X can be obtained according to Eq. (13).

In the third step, results of uncertainty analysis are obtained by
application of statistical calculation for the responses of all sam-
ples. When the sample of input parameters Xs,i, which can be char-
acterized as Xs,i = [x1,i, x2,i,. . ., xnX,i]T (i = 1,2,. . ., nS), is used as input
to carry out response calculations, the corresponding responses of
Table 3
Cross-section perturbations to total cross sections within resonance groups in
WIMSD-4 library.

Cross
sections

Cross-section
perturbations

Cross-section consistency rules

rt r0 t,g = (1 + dt,g)rt,g I0a,g(T,r0) = ra,g(T,r00)r0/
(ra,g(T,r00) + r0)
I0vf,g = rvf,g(T,r00)r0/(ra,g(T,r00) + r0)
the system can be presented as Ri. So, the mapping [Xs,i,Ri] for
i = 1,2,. . ., nS can be obtained. And the uncertainties of responses
are obtained by application of statistical calculation as shown in
Eq. (14):

rðRÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

nS� 1

XnS

i¼1

ðRi � R0Þ2
vuut ð14Þ

where r(R) stands for standard deviation of response and R0 pre-
sents the expectation value of response and is characterized as
shown in Eq. (15):

R0 ¼
1
nS

XnS

i¼1

Ri ð15Þ

By applications the three main steps above, the uncertainty of
eigenvalue due to these of multigroup cross sections can be
obtained.

For the statistical sampling method, the sampling technology
selection is an important part. There are three different sampling
technologies (Helton and Davis, 2002): Random Sampling (RS),
Stratified Sampling (SS) and Latin Hypercube Sampling (LHS). RS
is the easiest technologies to generate samples, with the disadvan-
tage that there is no assurance that the sample elements can cover
all subsets of distribution space for X. SS can ensure that the sam-
ple elements can cover all subsets of distribution space but has the
disadvantage that the strata and strata probabilities should be
determined, which makes it complicated to perform the uncer-
tainty analysis applying samples with different probabilities. LHS
technology incorporates the desirable features of RS and SS. The
implementation of LHS technology is easier than that of SS because
it is not necessary to determine the strata and corresponding prob-
abilities, and each sample has the same probability like RS which
makes it practical and convenient to perform the uncertainty anal-
ysis. Arguably, LHS technology is one of the best small-sample sta-
tistical sampling approaches for uncertainty analysis. Therefore,
LHS technology is applied to generate samples for input parame-
ters in this study.

4.2. Bootstrap method for confidence interval

The statistical errors are inevitable to the uncertainty results
because the number of samples is a specific but infinite number.
To enhance the reliability and confidence of uncertainties results,
the bootstrap method has been applied to evaluate the confidence
intervals for the uncertainty results (Archer et al., 1997). For the
purpose to evaluate confidence interval for uncertainties results
of uncertainty analysis, resampling technology is used and series
of re-samples are generated to perform the uncertainty analysis.
The response uncertainty of ith re-samples can be presented as
r(R)i (i = 1,2,. . .,N) where N is the total number of re-samples,
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and the bootstrap confidence interval can be quantified by formula
as Eq. (16) shown:

DrðRÞ ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

N � 1

XN

i¼1

ðrðRÞi � rðRÞ0Þ
2

vuut ð16Þ

where Dr(R) presents the deviation of the uncertainty results by
application of the N re-samples; r(R)i is the uncertainty result of
the ith re-samples, and r(R)0 presents the expectation value of
the N uncertainty results which can be formulated shown as in
Eq. (17):

rðRÞ0 ¼
1
N

XN

i¼1

rðRÞi ð17Þ

By applications of Eqs. (16) and (17), the confidence intervals
for uncertainty results can be quantified and the uncertainty
results can be much more confident and reliable with the limited
size of samples.

5. Direct numerical perturbation method

The DNP method is a straightforward and convenient method to
perform sensitivity and uncertainty analysis. In the UNICORN code,
the DNP method is an alternative method to perform the total sen-
sitivity analysis and total uncertainty analysis of eigenvalue on
multigroup cross sections. This method can overcome the disad-
vantage of the statistical sampling method which doesn’t have
the capability of calculating the sensitivity coefficients.

5.1. Sensitivity analysis

The relative sensitivity coefficients of eigenvalue to multigroup
cross sections estimated by the DNP method can be presented
briefly as shown in Eq. (18), and DNP method is a straightforward
numerical method applying difference quotient to estimate the
partial derivative:

Sk;rx;g ¼
rx;g

k
@k
@rx;g

� rx;g

k
kðð1þ dþx;gÞrx;gÞ � kðð1þ d�x;gÞrx;gÞ

ðdþx;g � d�x;gÞrx;g

¼ 1
k

kðð1þ dþx;gÞrx;gÞ � kðð1þ d�x;gÞrx;gÞ
dþx;g � d�x;g

ð18Þ

where rþx;g and r�x;g represent the positive and negative relative per-
turbations for the gth group’s cross section with type of x respec-
tively; rx,g and k stand for the un-perturbed cross section and
eigenvalue respectively. The Eq. (18) is a brief formula in which only
the cross sections under analysis are presented and the other input
parameters are treated as constants without perturbation, and thus
absent from the equation. When Eq. (18) is used, one issue should
be noted: to ensure the numerical accuracy, the relative perturba-
tions of cross sections should be as much as small, but taking the
effects of truncation of computation into account, the relative per-
turbations of cross sections should not be too small. It is obvious
that with respect to an NG groups cross sections library, 2*NG
physics calculations should be carried out, with NG for positive
perturbations and the other NG for negative perturbations. The
group-wise relative sensitivity coefficient vector of eigenvalue with
respect to cross sections will be obtained by application of sensitiv-
ity analysis, and the vector has the dimension of n*NG where n pre-
sents the number of cross sections under analysis.

5.2. Uncertainty analysis

Uncertainty analysis can be performed by combining the rela-
tive sensitivity coefficients with relative covariance matrix based
on the ‘‘sandwich rule’’. The ‘‘sandwich rule’’ for uncertainty quan-
tification of eigenvalue to the multigroup cross sections can be pre-
sented as shown in Eq. (19):

r2ðkÞ
k2 ¼ Sk;ai

Raiaj
ST

k;aj
ð19Þ

where r2(k) is the variance of eigenvalue which presents the uncer-
tainty results of eigenvalue due to uncertainties of multigroup cross
sections; Sk;ai

and Sk;aj
stand for the relative sensitivity coefficients

vectors of eigenvalue to multigroup cross sections; ai and aj can
present any type of cross sections for any group; Raiaj

presents
the relative covariance data for cross sections ai and aj.

6. Numerical results and analysis

In this section, the UNICORN code has been verified against the
TSUNAMI code. The TMI-1 pin-cell case, one of the UAM
(‘‘Uncertainty Analysis in Modeling’’) (Ivanov et al., 2013) bench-
marks, has been analyzed by the both codes. And two aspects of
verification have been done. Firstly, the verification for total sensi-
tivity analysis is carried out by comparing the relative sensitivity
coefficients of the UNICORN code with those of TSUANMI. This part
of verification is also aimed at verifying the correctness of the
multigroup cross-section perturbation model. Secondly, the verifi-
cation for the total uncertainty analysis is performed through com-
paring the uncertainty results of eigenvalue to different types of
cross sections by the statistical sampling method with those by
the DNP method.

6.1. Verification for total sensitivity analysis

In order to verify the results of total sensitivity analysis using
the DNP method, TSUNAMI-1D (Rearden et al., 2009) is applied
to perform total sensitivity analysis to the same case of TMI-1
pin-cell. The NR approximation has been applied both by
TSUNAMI-1D and UNICORN for the implicit effects analysis. The
difference between TSUNAMI-1D and UNICORN is the methodol-
ogy applied when considering the cross-section implicit effects,
for which TSUNAMI-1D uses the perturbation theory, while
UNICORN applies the DNP method. Therefore, the TSUNAMI-1D
code has been selected as the standard code to verify the
UNICORN code in this paper.

For the purpose to reduce the difference of UNICORN between
the TSUNAMI-1D, 1D calculation for neutron-transport equation
is carried out by both TSUNAMI-1D and DRAGON 4.0 in
UNICORN. And the 172-group library used by UNICORN is gener-
ated from the ENDF/B-VII.0 library because the v7-238 library
applied by TSUNAMI-1D is also based on ENDF/B-VII.0 library.

Total sensitivity analysis of the lattice multiplication constant,
k1 with respect to multigroup cross sections has been performed.
The relative perturbation size of all nuclides and types of cross sec-
tions is set to 0.1% uniformly in UNICORN. The fifteen most signif-
icant cross-section sources of uncertainties in the case of TMI-1
pin-cell and corresponding energy-integrated total relative sensi-
tivity coefficients by TSUNAMI-1D and UNICORN are compared
and shown in Table 4.

According to Table 4, the results of the total sensitivity analysis
by the UNICORN code agree well with those of TSUNAMI-1D.
Therefore, the multigroup cross-section perturbation model can
be proven correct and so does the development of the UNICORN
code for total sensitivity analysis using the DNP method.

As mentioned above, the implicit portion of sensitivity coeffi-
cients, which is defined as differences of the total relative sensitiv-
ity coefficients with the explicit ones, are very important in some
groups, and the implicit contributions are researched and analyzed



Table 4
Energy-integrated total relative sensitivity coefficients for the fifteen most significant
cross-section sources of uncertainties.

Nuclides Cross sections TSUNAMI UNICORN

235U v 9.4165E�01 9.4049E�01
235U r(n,f) 2.5314E�01 2.5243E�01
238U r(n,c) �2.1230E�01 �2.2039E�01
1H r(n,elas) 1.7877E�01 1.7516E�01
235U r(n,c) �1.5512E�01 �1.5472E�01
238U v 5.8352E�02 5.9515E�02
1H r(n,c) �3.7695E�02 �3.7763E�02
238U r(n,f) 2.7824E�02 2.8268E�02
16O r(n,elas) �9.7846E�03 �1.1293E�02
238U r(n,inel) �5.6771E�03 �5.7531E�03
91Zr r(n,c) �4.2938E�03 �4.2917E�03
16O r(n,a) �3.1924E�03 �3.3620E�03
92Zr r(n,c) �1.4406E�03 �1.4854E�03
90Zr r(n,c) �1.3336E�03 �1.4106E�03
238U r(n,2n) 1.0877E�03 1.1648E�03
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by comparing the total and explicit relative sensitivity coefficients
in this study. And the explicit relative sensitivity coefficients are
obtained by perturbing the effective self-shielding multigroup
cross sections, also by using the DNP method. The
energy-integrated explicit and total relative sensitivity coefficients
are compared and shown in Table 5.

It can be observed that the differences between the total and
explicit relative sensitivity coefficients, the implicit portions, exist
only for some types of cross sections. For much more detailed com-
parisons analysis of the implicit portions in the total relative sen-
sitivity coefficients, the group-wise relative sensitivity
coefficients have been compared for some representative types of
cross sections shown as in Fig. 2.

By comparisons of the explicit and total group-wise relative
sensitivity coefficients as shown in Fig. 2, it can be observed that
the implicit contributions are caused by the resonances groups
(from the 46th to 92nd groups for the 172-groups energy struc-
ture) and can be caused by either the r(n,elas) of non-resonance
nuclides or r(n,elas), r(n,f) and r(n,c) of the resonant nuclides. These
observations can be explained as following.

Firstly, for r(n,c) of 238U shown in Fig. 2 (a), the implicit portions
play positive contributions in the total relative sensitivity coeffi-
cients. This can be explained like this. For the total sensitivity anal-
ysis, when 1% positive relative perturbation has been added to
r(n,c) of 238U within the resonance groups, the actual perturbation
to the effective self-shielding r(n,c) would be less than 1%, which
can be explained with application of Eqs. (6) and (7). According
to Eq. (7), positive relative perturbation would result in decrease
Table 5
The energy-integrated explicit and total relative sensitivity coefficients.

Nuclides Cross sections Explicit Total

235U v 9.4049E�01 9.4049E�01
235U r(n,f) 2.5365E�01 2.5243E�01
238U r(n,c) �2.3741E�01 �2.2039E�01
1H r(n,elas) 1.8627E�01 1.7516E�01
235U r(n,c) �1.5393E�01 �1.5472E�01
238U v 5.9512E�02 5.9515E�02
1H r(n,c) �3.7761E�02 �3.7763E�02
238U r(n,f) 2.8268E�02 2.8268E�02
16O r(n,elas) �1.4184E�03 �1.1293E�02
238U r(n,inel) �5.7370E�03 �5.7531E�03
91Zr r(n,c) �4.2417E�03 �4.2917E�03
16O r(n,a) �3.3601E�03 �3.3620E�03
92Zr r(n,c) �1.4644E�03 �1.4854E�03
90Zr r(n,c) �1.3766E�03 �1.4106E�03
238U r(n,2n) 1.1574E�03 1.1648E�03
to the background cross sections, so the values increase to the res-
onance table for ra (for 238U, only the r(n,c) has resonance and the
r(n,f) is small and without resonance) would be less than 1% accord-
ing to Eq. (6). However, for the explicit sensitivity analysis, the rel-
ative increase of effective self-shielding r(n,c) would be exactly 1%,
because the perturbation is added directly to the effective
self-shielding multigroup cross sections. According to the
neutron-transport equation, smaller absorption cross section (for
the total sensitivity analysis) would result in larger k1. Therefore,
the relative sensitivity coefficients for r(n,c) of 238U in total sensitiv-
ity analysis is larger than that in the explicit case and thus the
implicit portions caused by r(n,c) of 238U play positive contributions
in the total relative sensitivity coefficients.

Secondly, for ra of 235U shown in Fig. 2(b), the contributions of
implicit portions can be either positive or negative for different
groups. This phenomenon should be explained by incorporating
implicit contribution sects basic cross-sections of absorption
cross-section include he resonant nuclides could interpolate due
to r(n,f) and r(n,c) of 235U. Within the resonance groups, the basic
cross sections included in ra are only the r(n,f) and r(n,c), because
the others basic cross sections such as r(n,2n) are the types of cross
sections whose energy thresholds are up within the fast groups.
For the total sensitivity analysis, both r(n,f) and r(n,c) would be
smaller than the ones in explicit sensitivity analysis, according to
the explanation for r(n,c) of 238U introduced above. Smaller r(n,f)

would result in smaller k1 and corresponding relative sensitivity
coefficients in total sensitivity analysis, while smaller r(n,c) con-
tributes on the contrary. Therefore the incorporated implicit con-
tributions can be positive or negative shown in Fig. 2(b).

Thirdly, as to implicit contributions of r(n,elas), the contributions
are negative to the nuclides without resonance and positive to the
nuclides with resonances. For the r(n,elas) of nuclides without reso-
nance, like 1H and 16O shown in Fig. 2(c) and Fig. 2 (d) respectively,
the implicit portions play negative contributions to the total rela-
tive sensitivity coefficients. This phenomenon is reasonable from
the neutron physics point of view. As to the explicit sensitivity
analysis, when 1% positive relative perturbation has been added
to r(n,elas) of 1H or 16O, only r(n,elas) of 1H or 16O would have 1% rel-
ative increase. However, for total sensitivity analysis, the perturba-
tions would be added not only to r(n,elas) of 1H or 16O, but also to
the resonant cross sections within resonances groups. This is
because that the dilution cross sections of system under analysis
would become larger than that of the explicit situation due to
increase in r(n,elas) of 1H or 16O, so the resonant nuclides could
interpolate larger fission yield and absorption cross sections. In
the case of TMI pin-cell, r(n,f), r(n,c) of 235U and r(n,c) of 238U in total
sensitivity analysis would all become larger than those of the
explicit sensitivity analysis. Moreover, according to Fig. 2(a) and
Fig. 2(b), the implicit effects caused by incorporated r(n,f) and
r(n,c) of 235U is over one order of magnitude smaller than that
caused by r(n,c) of 238U. In this context, the effect due to r(n,c) of
238U would be dominant in this case. According to the explanation
for r(n,c) of 238U, the negative effect would be caused by increase in
r(n,c) of 238U. Therefore, the implicit portions of r(n,elas) caused by
nuclides without resonance paly negative contributions to the total
relative sensitivity coefficients.

For r(n,elas) of nuclides with resonances, the implicit portions
paly positive contributions to the total relative sensitivity coeffi-
cients. For r(n,elas) of 235U and 238U, the implicit contributions have
the same presentation, shown as Fig. 2(e) for r(n,elas) of 238U. When
r(n,elas) of 235U or of 238U is larger, the resonance cross sections in
the resonance tables would become smaller than the initial ones.
The explanation for r(n,c) of 238U and incorporated r(n,f) and r(n,c)

of 235U introduced above can be applied here because increase in
r(n,elas) of nuclides with resonance would result in smaller fission
yield and absorption cross sections. Since the effects caused by



(a) Comparison of explicit and total relative sensitivity coefficients by groups for 238Uσ(n,γ) 

 (b) Comparison of explicit and total relative sensitivity coefficients by groups for 235Uσa

 (c) Comparison of explicit and total relative sensitivity coefficients by groups for 1H σ(n,elas)

(d) Comparison of explicit and total relative sensitivity coefficients by groups for 16O σ(n,elas)

(e) Comparison of explicit and total relative sensitivity coefficients by groups for 238Uσ(n,elas)

Fig. 2. Comparisons of the explicit and total relative sensitivity coefficients by groups.
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r(n,c) of 238U would be dominant, thus on the contrary, smaller
absorption cross section could result in larger k1 and correspond-
ing relative sensitivity coefficients for total sensitivity analysis.
Therefore, the implicit portions caused by r(n,elas) of nuclides with
resonance play positive contributions to the total relative sensitiv-
ity coefficients.



Table 6
The fifteen most significant relative uncertainties obtained by 20 different re-samples.

Nuclides Parameter pair DNP method Statistical sampling
method

r(k)/k/% r(k)0/k/% Dr(k)/k/%

235U m,m 6.070E�01 5.933E�01 2.411E�02
235U r(n,f), r(n,f) 7.851E�02 7.632E�02 2.706E�03
238U r(n,c), r(n,c) 3.135E�01 3.059E�01 1.616E�02
1H r(n,elas), r(n,elas) 3.391E�02 3.340E�02 1.553E�03
235U r(n,c), r(n,c) 1.999E�01 1.959E�01 7.609E�03
238U m,m 7.045E�02 6.917E�02 2.320E�03
1H r(n,c), r(n,c) 9.647E�02 9.420E�02 3.951E�03
238U r(n,f), r(n,f) 1.472E�02 1.496E�02 1.673E�03
238U r(n,inel), r(n,inel) 1.109E�01 1.090E�01 3.213E�03
91Zr r(n,c), r(n,c) 2.176E�02 2.094E�02 9.546E�04
92Zr r(n,c), r(n,c) 2.203E�02 2.041E�02 8.321E�04
90Zr r(n,c), r(n,c) 1.729E�02 1.617E�02 7.025E�04
238U r(n,2n), r(n,2n) 1.257E�02 1.347E�02 3.409E�03
16O r(n,a), r(n,a) 8.410E�03 8.169E�03 3.152E�04
16O r(n,elas), r(n,elas) 2.112E�02 2.322E�02 2.594E�03
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6.2. Verification for total uncertainty analysis

In the previous section, it has been proven that the implemen-
tations of multigroup cross-section perturbation model and the
DNP method are correct. Based on the multigroup cross-section
perturbation model, the total uncertainty analysis has been per-
formed, applying the statistical sampling method. And the covari-
ance data of cross sections with 172 groups, used by both the DNP
method and the statistical sampling method, is generated by NJOY
from the ENDF/B-VII.1 library.

In this study, nS = 300 is selected as the size for each sample. In
order to obtain much more confident uncertainty results, the boot-
strap method is applied to quantify the confidence boundary for
uncertainty results. Therefore, 20 different re-samples with size
of 100 have been generated for total uncertainty analysis. The rel-
ative uncertainties of k1 due to the fifteen most significant uncer-
tainty sources of cross sections for TMI-1 pin-cell are shown in
Table 6. The uncertainty results of the statistical sampling method
in Table 6 have been obtained by the 20 different re-samples.

In Table 6, the results obtained by the DNP method are calcu-
lated using ‘‘sandwich rule’’. The uncertainty results of the statisti-
cal sampling method include two parts: the expectation values for
relative uncertainties of the 20 different re-samples, r(k)0/k, and
the standard deviations of uncertainty results, Dr(k)/k.
Comparing the uncertainties by the DNP method and the statistical
sampling method respectively, total uncertainty analysis by appli-
cation of the statistical sampling method can be proved to be
correct.

As shown in Table 6, the relative uncertainties of k1 introduced
by basic cross sections are large and non-ignorable, which can
reach up to 0.31% for r(n,c) of 238U, 0.20% for r(n,c) of 235U and
0.11% for r(n,inel) of 238U. These uncertainties wouldn’t be shown
if the detailed analysis hasn’t been performed to the basic cross
sections. Moreover, the total relative uncertainty of k1 due to the
fifteen most significant uncertainties sources of cross sections is
about 0.72% ± 0.031% by summing all the relative uncertainties of
the fifteen most significant uncertainty sources in Table 6. This is
such a large uncertainty which is significant to neutronics
calculations.
7. Conclusions

In this paper, based on both the direct numerical perturbations
method and the statistical sampling method, the UNICORN code
has been developed to perform total sensitivity analysis and total
uncertainty analysis for eigenvalue with respect to various basic
multigroup cross sections. An improved multigroup cross-section
perturbation model has been established for the purpose to con-
sider the implicit effects and perform detailed analysis for basic
cross sections. Moreover, the bootstrap method has been applied
to the statistical sampling method to obtain much steadier and
more confident uncertainty results.

The UNICORN code has been applied to perform total sensitivity
analysis and total uncertainty analysis for TMI-1 pin-cell. Three
aspects of conclusions can be obtained from the numerical results.
Firstly, the implicit contributions are notable and non-ignorable.
And the implicit contributions can be caused by r(n,elas) of nuclides
without resonance, and r(n,elas),r(n,f) and r(n,c) of nuclides with res-
onance. Secondly, the detailed analysis should be performed to
basic cross sections. The uncertainties due to basic cross sections
are significant and can reach up to be about 0.31%. Thirdly, the
uncertainty analysis is essential for reactor physics. According to
the total relative uncertainty due to the fifteen most significant
uncertainty sources of cross sections to k1 of TMI-1 pin-cell, it is
about 0.72%, which is non-ignorable for reactor physics
calculations.

In further research plans, the responses will be extended to the
others outputs such as few-group constants of assembly to propa-
gate the uncertainties of input parameters to the assembly scale
and even the core scale subsequently.
Acknowledgments

This work is supported by the National Natural Science
Foundation of China No. 91126005, and by the National Natural
Science Foundation of China No. 91226106.
References

Archer, G.E.B., Saltelli, A., Sobol, I.M., 1997. Sensitivity measures, anova-like
techniques and the use of bootstrap. J. Stat. Comput. Simul. 58, 99–120.

Ball, M.R., Novog, D.R., Luxat, J.C., 2013. Analysis of implicit and explicit lattice
sensitivity using DRAGON. Nucl. Eng. Des. 265, 1–12.

Broadhead, B.L., Rearden, B.T., Hopper, C.M., Wagschal, J.J., Parks, C.V., 2004.
Sensitivity- and uncertainty-based criticality safety validation techniques. Nucl.
Sci. Eng. 146, 340–366.

Dion, M., Marleau, G., 2013. Resonance Self-shielding Effects on Eigenvalue
Sensitivity. M&C, Idaho, USA.

Foad, B., Takeda, T., 2015. Sensitivity and uncertainty analysis for UO2 and MOX
fueled PWR cells. Ann. Nucl. Energy 75, 595–604.

Helton, J.C., Davis, F.J., 2002. Latin Hypercube Sampling and the Propagation of
Uncertainty in Analysis of Complex System. Sandia National Laboratories,
SAND2001-0417.

Helton, J.C., Johnson, J.D., Sallaberry, C.J., Storlie, C.B., 2006. Survey of sampling-
based methods for uncertainty and sensitivity analysis. Reliab. Eng. Syst. Saf. 91,
1175–1209.

Ivanov, K., Avramova, M., Kamerow, S., Kodeli, I., Sartori, E., Ivanov, E., Cabellos, O.,
2013. Benchmarks for Uncertainty Analysis in Modelling (UAM) for the Design,
Operation and Safety Analysis of LWRs. OECD Nuclear Energy Agency, NEA/NSC/
DOC(2013)7.

Kinoshita, K., Yamamoto, A., Endo, T., 2014. Uncertainty Quantification of BWR Core
Characteristics Using Latin Hypercube Sampling Method. PHYSOR 2014, Kyoto,
Japan.

Leszczynski, F., Aldama, D.L., Trkov, A., 2007. WIMS-D Library Update: Final Report
of a Coordinated Research Project. International Atomic Energy Agency.

Liu, Y., Cao, L., Wu, H., Zu, T., Shen, W., 2015. Eigenvalue implicit sensitivity and
uncertainty analysis with the subgroup resonance-calculation method. Ann.
Nucl. Energy 79, 18–26.

Macfarlane, R.E., Muir, D.W., Boicourt, R.M., Kahler, A.C., 2012. The NJOY Nuclear
Data Processing System, Version 2012. Los Alamos National Security, LA-UR-12-
27079.

Marleau, G., Hébert, A., Roy, R., 2014. A User Guide for DRAGON Version 4. Technical
Report, IGE-294.

Pusa, M., 2012. Incorporating sensitivity and uncertainty analysis to a lattice
physics code with application to CASMO-4. Ann. Nucl. Energy 40, 153–162.

Rearden, B.T., 2009. TSUNAMI-1D: Control Module for One-dimension Cross-section
Sensitivity and Uncertainty Analysis for Criticality. Nuclear Science and
Technology Division, vol. I, Sect. C8.

Rearden, B.T., Jessee, M.A., 2009. TSUNAMI Utility Modules. Nuclear Science and
Technology Division, vol. III, Sect. M18.

http://refhub.elsevier.com/S0306-4549(15)00350-3/h0005
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0005
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0010
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0010
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0015
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0015
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0015
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0020
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0020
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0025
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0025
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0030
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0030
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0030
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0035
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0035
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0035
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0045
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0045
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0045
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0045
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0055
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0055
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0060
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0060
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0060
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0075
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0075


C. Wan et al. / Annals of Nuclear Energy 85 (2015) 788–797 797
Rearden, B.T., Williams, M.L., James, E.H., 2005. Advances in the TSUNAMI
Sensitivity and Uncertainty Analysis Codes Beyond SCALE 5.

Rearden, B.T., Petrie, L.M., Jessee, M.A., 2009. SAMS: Sensitivity Analysis Nodule for
SCALE. Nuclear Science and Technology Division, vol. II, Sect. F22.

Weisbin, C.R., Marable, J.H., Lucius, J.L., Oblow, E.M., Mynatt, F.R., Peelle, R.W., Perey,
F.G., 1976. Application of FORSS Sensitivity and Uncertainty Methodology to
Fast Reactor Benchmark Analysis. Oak Ridge National Lab, ORNL/TM-5563.
Wieselquist, W., Vasiliev, A., Ferroukhi, H., 2012. Nuclear Data Uncertainty
Propagation in a Lattice Physics Code Using Stochastic Sampling. PHYSOR
2012, Tennessee, USA.

Yankov, A., Klein, M., Jessee, M.A., Zwermann, W., Velkov, K., Pautz, A., Collins, B.,
Downar, T., 2012. Comparison of XSUSA and ‘‘Two-step’’ Approaches for Full-
core Uncertainty Quantification. PHYSOR 2012, Tennessee, USA.

http://refhub.elsevier.com/S0306-4549(15)00350-3/h0100
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0100
http://refhub.elsevier.com/S0306-4549(15)00350-3/h0100

	Code development for eigenvalue total sensitivity analysis and total uncertainty analysis
	1 Introduction
	2 Overview of the UNICORN code
	3 Multigroup cross-section perturbation model
	3.1 Multigroup cross sections and resonance integrals
	3.2 Perturbation propagations
	3.3 Consistency rules

	4 Statistical sampling method
	4.1 Theory and method
	4.2 Bootstrap method for confidence interval

	5 Direct numerical perturbation method
	5.1 Sensitivity analysis
	5.2 Uncertainty analysis

	6 Numerical results and analysis
	6.1 Verification for total sensitivity analysis
	6.2 Verification for total uncertainty analysis

	7 Conclusions
	Acknowledgments
	References


